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A TOPOLOGICAL GROUP OF EXTENSIONS OF Q BY Z
JACK MORAVA
Abstract. The group of extensions (as in the title), endowed with
something like a connection at Archimedean infinity, is isomorphic to
the ade´le-class group of Q: which is a topological group with interesting
Haar measure.
For Mike Boardman and Takashi Ono: dear friends and colleagues
1.1 An extension of one abelian group A (ie, a Z-module), by another (B)
is an exact sequence
E : 0 // B
i // E
j
// A // 0 ;
the exact functor
C 7→ C ⊗Z R := CR
associates to E an extension
ER : 0 // BR
iR // ER
jR // AR // 0
of real vector spaces, which necessarily splits. This note is concerned with
extensions E as above, which have been rigidified by the choice
sE : AR → ER
of a splitting of ER, ie a homomorphism such that jR ◦ sE = 1AR. I will refer
to the pair E˜ := (E , sE ) as an extension of Z0-modules.
A congruence α of two extensions E , E ′ of A by B is a commutative
diagram
0 // B
1B

i // E
α

j
// A
1A

// 0
0 // B′
i′ // E′
j′
// A // 0 ,
cf eg [6 III §1]. Let us say that a congruence α : E˜ ≡ E˜ ′ of rigidified
extensions is a congruence α : E ≡ E ′ of their underlying extensions of
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Z-modules, which is compatible with their splittings in the sense that the
diagram
ER
αR

AR
sEoo
1AR

E′R AR
s
E′oo
commutes.
Congruence classes of such rigidified extensions define an abelian group-
valued bifunctor ExtZ0(A,B), with a straightforward generalization of Baer
sum (as we shall check below) as composition. Forgetting the splitting data
defines an epimorphism
ExtZ0(A,B)→ ExtZ(A,B) .
1.2.1 Proposition This forgetful homomorphism fits in an exact sequence
0→ HomR(AR, BR)→ ExtZ0(A,B)→ ExtZ(A,B)→ 0 ;
in particular, the exact sequence
0→ R→ ExtZ0(Q,Z)→ ExtZ(Q,Z)→ 0
is isomorphic to the sequence
0→ R := Σ0 → Σ→ (Ẑ⊗Q)/Q→ 0
defined by the inclusion of the path-component Σ0 of the identity in the
solenoid
o→ Q→ AQ := R× (Ẑ⊗Q)→ Σ ∼= Hom(Q,T)→ 1
(ie the Pontrjagin dual of the rational numbers: which is connected but not
path-connected).
1.2.2 More generally, if oK is the ring of algebraic integers in a number field
K, then
ExtZ0(Q, oK)
∼= AK/K
is naturally isomorphic to the ade´le-class group of K [3 §14, 5 §5.3]: a
compact topological group (a product of [K : Q] copies of Σ) with canonical
Haar measure whose square equals the absolute value of the discriminant
DK/Q of K over Q.
Remark The injective resolution
0→ Z→ Q→ Q/Z→ 0
identifies
ExtZ(Q,Z) ∼= (Ẑ⊗Q)/Q
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with the cokernel of the map defined by tensoring the (dense) inclusion
Z→ Ẑ =
∏
Zp
(of the integers into the product of the profinite integers) with Q: which is
superfluous, since Ẑ/Z is uniquely divisible and is thus already a Q-vector
space, whose natural [?] topology is then indiscrete. See [2 Theorem 25] for
an account (which motivated this note) of this classical group of extensions.
1.3.1 Proof: We need first to define the Baer sum of two rigidified exten-
sions E˜0, E˜1 as the quotient E˜+ of the pullback E+
B
  ❆
❆
❆
❆
❆
❆
❆
❆
((P
PP
PP
PP
PP
PP
PP
PP
P

✵
✵
✵
✵
✵
✵
✵
✵
✵
✵
✵
✵
✵
✵
✵
E+

// E1
j1

E0
j0
// A
by the image of the map
b 7→ i∆(b) = (i0(b),−i1(b)) : B → E+ .
The resulting sum is split, after tensoring with R, by
A ∋ a 7→ (s0(a), s1(a)) ∈ E+R = E/(image i∆) .
To check the first assertion of the proposition, note that if two extensions
E˜ , E˜ ′ of Z0-modules have congruent underlying extensions of Z-modules,
then tensoring those extensions with R defines an isomorphism
0 // BR

i // ER
αR

j
// AR

// 0
0 // BR
i′ // E′R
j′
// AR // 0
of extensions of real vector spaces, with splittings s, s′. If
ρ′ := s′ − s ◦ αR : AR → E
′
R
then j′ ◦ ρ′ = 0, so the image of ρ′ lies in the image of i′, defining
(i′)−1 ◦ ρ′ ∈ HomR(AR, BR) .
On the other hand such homomorphisms act freely on the Z0-module exten-
sions of A by B: HomR(AR, BR) is the group, under Baer sum, defined by
splittings of the exact sequence
0→ BR → BR ⊕AR → AR → 0 .
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To prove the second assertion of the proposition we construct a homomor-
phism
∆ : ExtZ0(Q,Z)→ Hom(Q,T)
as follows: given a diagram
0 // Z

i // E

j
// Q

// 0
0 // R
iR // ER
jR
// R
soo // 0 ,
let
∆0(e) := eR − s(j(e)R) : E → ER
(where xR := x⊗ 1R); then jR ◦∆0 = 0, so the image of ∆0 lies in the image
of iR, defining
∆ := i−1R ◦∆0 : E → R .
But now ∆ ◦ i : Z → E → R is the usual inclusion, so ∆ induces a homo-
morphism
[∆ : Q = E/Z→ R/Z] ∈ Hom(Q,T) . . .
1.3.2 Here is an example:
0 // Z

i // Z(p) ⊕ Z[p
−1]

j
// Q

// 0
0 // R // R⊕ R // R
σoo // 0
with i(k) = (k, k), j(u, v) = u−v, and σ(x) = ((s+1)x, sx) for some s ∈ R.
[Check that j is onto, ie that q ∈ Q equals u − v for some u ∈ Z(p) and
v ∈ Z[p−1]:
Let q = q0p
−n/q1 with p ∤ q0, q1 and n > 0 (otherwise the claim is immediate,
with v = 0). Then (pn, q1) = 1 implies the existence of α, β such that
αpn + βq1 = 1 ,
so if a = q0α, b = −q0β then ap
n − bq1 = q0 and hence
q =
apn − bq1
q1pn
=
a
q1
−
b
pn
.
Now we have ∆0(u, v) = (u, v) − σ(u− v) = i(v − s(u− v)), so
∆(u, v) = (s+ 1)v − su mod Z ,
eg ∆(q) = −sq + q0βp
−n ∈ T.
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1.3.3 More generally, ExtZ0(Q,Z
k) is isomorphic to the product Σk ∼=
(AQ/Q)
k. The ring oK of integers in a number field, however, has more
structure, which endows its ade´le-class group AK/K ∼= (AQ/Q)
k with a
Haar measure normalized [8 V §4 Prop 7] as asserted in the proposition.
1.4 Remarks I suppose the proposition above has a natural reformulation
in Arakelov geometry [4 §1], ie in terms of Z-modules A,B endowed with
positive-definite inner products on AR, BR; but I don’t know anything about
Arakelov geometry1.
It also seems plausible that
ExtF[t](F(t),F[t]) ∼= AF(t)/F(t)
for finite fields F; but its analog of Haar measure seems to be more like an
invariant one-form [1].
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